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1.9D��§��Ñ �	�m,ÔNG�9D�¯K"±
¼êu(x, y, z, t)L«ÔNG3 �u(x, y, z)9��t�§Ý"
�âD9Æ¥�Fp�¢�½Æ,ÔN3Ã¡��ãdtS÷

{���n6L��Ã¡�¡ÈdS �9þdQ�ÔN§Ý÷­
¡dS{�����¯�ê∂u

∂n ¤�',=

dQ = −k(x, y, z)
∂u

∂n
dSdt (1.1)

Ù¥k(x, y, z)¡�ÔN3:(x, y, z)?�9D�Xê,§A��
�"(1.1)ª¥KÒ�Ñy´du9þo´l§Ýp��ý6�$
��ý,Ïd,dQAÚ∂u

∂nÉÒ"
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3ÔNGS?��4­¡Γ,§¤���«�P
�Ω,d(1.1)ª,l��t1�t26?d4­¡��Ü9þ�

Q =

∫ t2

t1

{∫ ∫
Γ
k(x, y, z)

∂u

∂n
dS

}
dt (1.2)

ùp∂u
∂nL«÷Γþü 	{���n ����ê"
6\�9þ¦ÔNSÜ§Ýu)Cz,3�mm�(t1, t2)¥Ô

N§Ýlu(x, y, z, t1) Cz�u(x, y, z, t2), §¤ATáÂ�9þ´∫∫∫
Ω

c(x, y, z)ρ(x, y, z)
[
u(x, y, z, t2)− u(x, y, z, t1)

]
dxdydz

Ù¥c�'9, p��Ý"ÏdÒ¤á
�k� à�²n�ÆêÆ�ÚOÆ�
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∫ t2

t1

∫ ∫
Γ
k
∂u

∂n
dSdt =

∫∫∫
Ω

cρ[u(x, y, z, t2)−u(x, y, z, t1)]dxdydz.

(1.3)
b�¼êu'uCþx, y, zäk��ëY �ê,'utäk��ë
Y �ê,|^��úª,�±r(1.3) ªz�∫ t2

t1

∫∫∫
Ω

{ ∂

∂x

(
k
∂u

∂x

)
+

∂

∂y

(
k
∂u

∂y

)
+

∂

∂z

(
k
∂u

∂z

)}
dxdydzdt

=

∫∫∫
Ω

cρ
(∫ t2

t1

∂u

∂t
dt
)
dxdydz

��È©gS,Ò��
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∫ t2

t1

∫∫∫
Ω

[
cρ
∂u

∂t
− ∂

∂x

(
k
∂u

∂x

)
− ∂

∂y

(
k
∂u

∂y

)
− ∂

∂z

(
k
∂u

∂z

)]
dxdydzdt = 0

(1.4)
dut1,t2�«�ΩÑ´?¿�§·���

cρ
∂u

∂t
=

∂

∂x

(
k
∂u

∂x

)
+

∂

∂y

(
k
∂u

∂y

)
+

∂

∂z

(
k
∂u

∂z

)
(1.5)

(1.5)ª¡��þ!���Ó5N�9D��§"XJÔN´þ!
�,d�k, c9pþ�~ê,P k

cρ = a2,=�
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∂u

∂t
= a2

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
(1.6)

XJ¤�	�ÔNSÜk9
(~XÔN¥Ïk>6,½kzÆ�
A��¹),K39D��§�í�¥�I�Ä9
�K�"e�
3ü �mSü NÈ¥¤�)�9þ�F (x, y, z, t),K3�Ä
9²ï�,(1.3) ª�>A2\þ��∫ t2

t1

∫∫∫
Ω

F (x, y, z, t)dxdydzdt

u´,�Au(1.6)�9D��§AU�
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∂u

∂t
= a2

(
∂u

∂x2
+

∂u

∂y2
+
∂u

∂z2

)
+ f(x, y, z, t) (1.7)

Ù¥

f(x, y, z, t) =
F (x, y, z, t)

ρc
(1.8)

(1.6)¡�àg9D��§,
(1.7)¡��àg9D��§"
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2.½)¯K�J{ lÔnÆ�Ý5w,XJ��
ÔN3>
.þ�§ÝG¹(½9��G¹)ÚÔN3Ð©���§Ý,Ò�±
��(½ÔN3±����§Ý"Ïd9D��§�g,�-�
�½)¯KÒ´3®��Ð©^��>.^�e¦¯K�)"Ð
©^��J{w,�

u(x, y, z, 0) = ϕ(x, y, z), (1.9)

Ù¥ϕ(x, y, z)�®�¼ê,L«ÔN3t = 0��§Ý©Ù"
y3�	>.^��J{"�{ü��/�ÔN�L¡�§

Ý´®��,ù^��êÆ/ª�

u (x, y, z, t) |(x,y,z)∈Γ = g (x, y, z, t) (1.10)
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Ù¥ΓL«ÔN�>.­¡,g(x, y, z, t)´½Â
3(x, y, z) ∈ Γ, 0 ≤ t ≤ Tþ�®�¼ê"ù«>.^�¡�9D
��§�1�a>.^�(q¡)|�X(Dirichlet)>.^�)"
·�2�	,�«�¹:3ÔN�L¡þ���Ø´§�L

¡§Ý
´9þ3L¡�:�6�,�Ò´`3L¡�:�ü 
¡Èþ3ü �mS¤6L�9þQ ´®��"�âFp�½
Æ

dQ

dSdt
= −k∂u

∂n
Ò�²x,ù«>.^�¢SþL«§Ýu3L¡þ�{��ê´
®��"ù^��êÆ/ª�

∂u

∂n

∣∣∣∣∣
(x,y,z)∈Γ

= g (x, y, z, t) (1.11)
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ùp∂u
∂nL«u÷>.Γþ�ü 	{���n����

ê,
g(x, y, z, t)´½Â3(x, y, z) ∈ Γ, 0 ≤ t ≤ T�®�¼ê"ù
«>.^�¡�9D��§�1�a>.^�(q¡ì�
ù(Neumann)>.^�)"
8�	ÔN�30�(~X�í)¥��/:·�Uÿþ���

´�ÔN�>?�0�§Ýu1 ,§�ÔNL¡þ�§Ýu  ¿
Ø�Ó"3u1®��ïÄ>.^��J{�7L|^Ôn¥,�
�9D�¢�½Æ(Úî½Æ):lÔN6�0�¥�9þÚüö�
§Ý�¤�':

dQ = k1(u− u1)dSdt (1.12)

ùp�'~~êk1§¡�9��Xê,§����"�	6LÔ
NL¡Γ�9þ,lÔ�SÜ5w§AdFp�½Æ(½,
l0
��¡5wKAdÚî½Æ¤û½,Ïd¤áX'Xª

�k� à�²n�ÆêÆ�ÚOÆ�
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−k∂u
∂n
dSdt = k1(u− u1)dSdt

=

k1u+ k
∂u

∂n
= k1u1

duk19kÑ´�ê,Ïdù«>.^��±�¤(
∂u

∂n
+ σu

) ∣∣∣∣∣
(x,y,z)∈Γ

= g (x, y, z, t) (1.13)

ùp∂u
∂nL«u÷>.Γþ�ü 	{���n����

ê,
g(x, y, z, t)´½Â3(x, y, z) ∈ Γ, 0 ≤ t ≤ T�®�¼ê,σ �
®��ê"ù«>.^�¡�9D��§�1na>.^�"
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Úu�Ä�§'�,ùna>.^��,lØÓ�Ôn�Ý
©O8(Ñ5,�3êÆþ�/ª%����"
qXJ¤�	�ÔNNÈé�,
¤I����´3�á�

mÚ����S�§ÝCz�¹,>.^�¤�)�K��±�
Ñ,ù�ÒØ�r¤�	�ÔNÀ�¿÷���m§
½)¯K
ÒC¤�Ü¯K,d��Ð©^��

u(x, y, z, 0) = ϕ(x, y, z) (−∞ < x, y, z <∞). (1.14)

·�3dAO�Ñ,�ÅÄ�§��/ØÓ,éu9D��§�½
)¯K,Ð©^��U�Ñ��"
3·��¹e,�§¥£ã�m�I�ÕáCþ�ê8��

±~�"~X�ÔN´þ![\�,bX§�ý¡´ý9�,�Ò
´`Ø�)9��,qb½§Ý�©Ù3Ó��¡´�Ó�,K§
Ý¼êu=��Ix 9�mtk',·�Ò����9D��§

�k� à�²n�ÆêÆ�ÚOÆ�
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∂u

∂t
= a2∂

2u

∂x2
(1.15)

Ó�,X�Ä�¡�9D�,�¡�ý¡ý9,����9D��§

∂u

∂t
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
(1.16)

éuù«$��9D��§,��±JÑcã��Ü¯K�Ð>
�¯K"
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3ïÄ©f*ÑL§¥�¬��aq��§"~XíN�*
Ñ, �N�'ß, ��Ná�¥�,�*Ñ�"e¡, ·�5�Ñ
*ÑL§¤7L÷v�êÆ�§"du*Ñ�§�9D��§�
�Ñ4��q, ·�ØO�­Eù�L§"��ò*ÑL§¤÷
v�Ôn5Æ�9D�L§¤÷v�Ôn5Æ��a',*Ñ�
§ÒØJ�Ñ"3í�9D��§�L§¥åÄ��^�´Fp
�½Æ�9þÅð½Æ(=(1.1),(1.3) ª):

dQ = −k(x, y, z)
∂u

∂n
dSdt,

∫ t2

t1

∫∫
r
k
∂u

∂n
dSdt =

∫∫∫
Ω
cρ [u (x, y, z, t2)− u (x, y, z, t1)] dxdydz,

�k� à�²n�ÆêÆ�ÚOÆ�
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Ù¥Ãþ�¿Âc®`²"3�Ä*ÑL§�, ·����´�
A�*Ñ½Æ��þÅð½Æ, §��/ª´

dm = −D(x, y, z)
∂N

∂n
dSdt, (1.17)

∫ t2

11

∫∫
T
D
∂N

∂n
dSdt =

∫∫∫
n

[N (x, y, z, t2)−N (x, y, z, t1)] dxdydz

(1.18)
Ù¥N L«*ÑÔ��ßÝ, dm L«3Ã¡��ãdt S÷{�
��n ²L��Ã¡�¡ÈdS �*ÑÔ���þ, ª
¥D(x, y, z) ¡�*ÑXê, Ù¦ÎÒ�(1.1)(1.3) ¥�¿Â�
Ó"

�k� à�²n�ÆêÆ�ÚOÆ�
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*Ñ�§

*Ñ�§

ò(1.17)(1.18) �(1.1)(1.3) '�, ��Ù/ª´4Ùaq�"3
�	9D�L§¥Ú<�þQ!u!k ©O�Au*ÑL§¥�
þm!N!D, 
Ñy3(1.3) ª¥�Ïfcρ 3*Ñ¯K¥�Au
~ê1 "u´, ·�á��±�Ñ*Ñ�§�

∂N

∂t
=

∂

∂x

(
D
∂N

∂x

)
+

∂

∂y

(
D
∂N

∂y

)
+

∂

∂z

(
D
∂N

∂z

)
. (1.19)

XJD ´~ê,PD = a2,*Ñ�§(1.19) Òz��9D��
§(1.6) ���Ó�/ª"éu*Ñ�§,��±JÑ�A��Ü
¯K�Ð>�¯K�½)¯K"

�k� à�²n�ÆêÆ�ÚOÆ�
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31�Ù¥·�^©lCþ{¦�
ÅÄ�§Ð>�¯K�)"
ù��{éu9D��§Ð>�¯K�¦)�´·^�"éu9
D��§�Ð>�¯K,Ð©^��I���^�,�¦)L§�
Ä�Ú½E�Ó"±e±9D��§3>.þ©O�1��1n
>.^��Ð>�¯K�~�[?ØÙ¦)L§"·�^©lC
þ{¦)Xe�Ð>�¯K:

ut − a2uxx = 0 (t > 0, 0 < x < l), (2.1)

t = 0 : u = ϕ(x), (2.2)

x = 0 : u = 0, (2.3)

x = l : ui + hu = 0, (2.4)
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Ù¥h ��~ê"^©lCþ{¦)"-

u(x, t) = X(x)T (t),

ùpX(x) ÚT (t) ©OL«=�x k'Ú=�t k'�¼ê"r
§�<�§, ��

XT ′ = a2X ′′T ,

=
T ′

a2T
=
X ′′

X
.

ù�ª�k3ü>þ�u~ê�â¤á"-d~ê�−λ, Kk

�k� à�²n�ÆêÆ�ÚOÆ�
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T ′ + λa2T = 0, (2.5)

X ′′ + λX = 0. (2.6)

k�Ä(2.6)"�â>.^�(2.3)!(2.4)!X(x) A�÷v>.^
�

X(0) = 0, X ′(l) + hX(l) = 0. (2.7)

éu>�¯K(2.6)!(2.7), �1�Ù1.3 aq�?Ø��
(i) �λ 6 0 �, �k²�)X ≡ 0;
(ii) �λ > 0 �.

X(x) = A cos
√
λx+B sin

√
λx. (2.8)

�k� à�²n�ÆêÆ�ÚOÆ�
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|^>.^�X(0) = 0, �A = 0. u´d(2.7) �1��>.^
���

B(
√
λ cos

√
λl + h sin

√
λl) = 0. (2.9)

�¦X(x) ��²�), λ A÷v

√
λ cos

√
λl + h sin

√
λl = 0, (2.10)

=λA´eã���§��):

tan
√
λl = −

√
λ

h
. (2.11)

-

�k� à�²n�ÆêÆ�ÚOÆ�
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v =
√
λl, (2.12)

K(2.11) ªC�

tan v = − v

lh
. (2.13)

|^ã){(�eã) ½ê�¦){��Ñù��§��"
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dþã2.1�, �§(2.13) k��Ã¡õ��
�vk > 0(k = 1, 2, · · · ), ÷v

(
k − 1

2

)
π < vk < kπ "Ïd, A��

¯K(2.6)!(2.7)�3XÃ¡õ��k�

λk =
(vk
l

)2
(k = 1, 2, · · · ) (2.14)

9�A��k¼�

Xk(x) = Bk sin
√
λkx = Bk sin

vk
l
x (k = 1, 2, · · · ). (2.15)

rλ = λk, �<�§(2.5), ��

Tk(t) = Cke
−a2λkt (k = 1, 2, · · · ). (2.16)
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u´�����©lCþ�A)

uk(x, t) = Ake
−a2λkt sin

√
λkx (k = 1, 2, · · · ). (2.17)

du�§(2.1) 9>.^�(2.3)!(2.4)Ñ´àg�,��|^U\
�n�E?ê/ª�)

u(x, t) =

∞∑
k=1

Ake
−u2λkt sin

√
λkx. (2.18)

±e5û½~êAk, ¦(2.18) ÷vÐ©^�(2.2) "d(2.3), �¦
3t = 0 �u(x, t) ��Ð�ϕ(x), A¤á

�k� à�²n�ÆêÆ�ÚOÆ�
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���mCþ��/

ϕ(x) =

∞∑
k=1

Ak sin
√
λkx. (2.19)

�(½XêAk, Lky²�k¼êX|Xi| =
∣∣sin√λxx∣∣ 3[0, l] þ

��"��k¼êX, ÚXm ©OéAuØÓ��k�λn Úλm,
=

X”
n + λnXn = 0, X”

m + λnXm = 0.

±Xm ÚXn ©_¦þ¡1�ª1�ª, �~�3[0, l] þÈ©, |
^Xn ÚXm Ñ÷v>.^�(2.3)!(2.4), Ò��

(λn − λm)

∫ l

0
XnXmdx =

(
XnX

′
m −XmX

′
n

)
|l0 = 0.

�k� à�²n�ÆêÆ�ÚOÆ�
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duλn 6= λm, ���k¼êX���5:∫ 1

a
XnXmdx =

∫ 1

0
sin
√
λnx sin

√
λmxdx = 0, m 6= n.

(2.20)
P

Mt =

∫ l

0
sin2

√
λkxdx =

∫ l

0

1− cos 2
√
λkx

2
dx

=
l

2
− sin 2

√
λkl

4
√
λk

=
l

2
− 1

2
√
λk

tan
√
λkl

1 + tan2
√
λkl

=
l

2
+

h

2 (h2 + λk)
.

(2.21)
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���mCþ��/

���mCþ��/

u´,3 ü>¦±sin
√
λ1x,2?1È©,|^��5(2.20) =

��

Ak =
1

Mk

∫ l

0
ϕ(ξ) sin

√
λkξdξ. (2.22)

ò§�<(2.18) ª, Ò��Ð>�¯K(2.1)-(2.4) �/ª)�

u(x, t) =

m∑
k=1

1

Mk

∫ t

0
ϕ(ξ) sin

√
λkξdξ · e−a

2λkt sin
√
λkx. (2.23)

�
�	d©lC�{���/ª)´Ä´·Ü¯
K(2.1)-(2.4)�²;), ��?1�y"
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���mCþ��/

���mCþ��/

±ey², �ϕ(x) �k.¼ê�, d(2.23) ª�Ñ�/ª),
�t > 0 �, 'ux 9t ´?¿gëY���,¿�÷v�§(2.1)
9>.^�(2.3)!(2.4)"¯¢þ,�1�ÙÅÄ�§�/ké�
ØÓ, L�ª(2.23)¥¹kÏfe−α

2λit, Ïdé?¿δ > 0, �t > δ
�, é?¿p > 0 �ê

∑∞
t=1 λie

−a2λpt þ´��Âñ�"
dϕ �
k.¼ê�b�(|ϕ(x)| 6M) 9(2.21) ª, ��∣∣∣∣∫ l

0
ϕ(ξ) sin

√
λkξdξ

∣∣∣∣ 6Ml 9
1

Mk
6

2

l
. (2.24)

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§



9D��§ Ð>�¯K�©lCþ{ 9D��§�Ü¯K�¦)

���mCþ��/

���mCþ��/

Ï
, d(2.23) L«�?ê, �t > 0 �, 'ux 9t ´Ã¡g
���, ¿�¦��¦Ú�±��"du?ê�z��Ñ÷v�
§(2.1) 9>.^�(2.3)!(2.4), l
(2.23)ªL«�?ê3t > 0
�(¢÷v�§9>.^�"�
�y�t→ 0 �, é?¿
�x ∈ [0, t], d(2.23) ª�Ñ�?êªuÐ�ϕ(x), �I�
éϕ(x)\þ?�Ú�^�"~X3ϕ(x) ∈
C ′ + ϕ(0) = 0, ϕ′(l) + hϕ(l) = 0 �, �±y², d(2.23) ª�Ñ
�?ê(¢´Ð>�¯K(2.1)-(2.4)�²;)"'ud:��[
y², d?lÑ"
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Ð>�¯K�©lCþ{

Ð>�¯K�©lCþ{

2©�/«�þ�9D�¯K ·�2Þ�~f,ïÄ�Î/
«�½üýý9���þ�9D�¯K"�ý>�§Ý�±�~
ê,d�9D�¯K�±8(�¦)eã�½)¯K:

∂u

∂t
=
∂2u

∂x2
+
∂2u

∂y2

u(x, y, 0) = ϕ(x, y)

u|r2+y2=R2 = 0.

(2.25)

^©lCþ{)ù�¯K"k-

u(x, y, t) = T (t)V (x, y) (2.26)

·���e¡ü�'u¼êT (t)ÚV (x, y)��§

T ′(t) + λT (t) = 0 (2.27)
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Ð>�¯K�©lCþ{

Ð>�¯K�©lCþ{

∂2V

∂x2
+
∂2V

∂y2
+ λV = 0 (2.28)

Ù¥λ�¿Â�c~�Ó"Ïd

T (t) = Ae−λt (2.29)

�
ïÄ�§(2.28)÷v>.^�V |r2+y2=R2 = 0��k�9�
k¼ê¯K,·�2òV (x, y)�¤4�IV (r, σ)�/ª,¿?1©
lCþ"5¿�(2.28) ª�4�I/ª�

∂2V

∂r2
+

1

r

∂V

∂r
+

1

r2

∂2V

∂θ2
+ λV = 0 (2.28’)

-
V (r, θ) = R(r)Θ(θ) (2.30)
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Ð>�¯K�©lCþ{

Ð>�¯K�©lCþ{

Ò�±d(2.28’)��

Θ′′(θ) + µΘ(θ) = 0 (2.31)

r2R′′(r) + rR′(r) + (λr2 − µ)R(r) = 0 (2.32)

Ù¥µ��r,θÃ'�~ê"duV �ü�5,Θ(θ)7Läk
±Ï2π ,Ïd,�U�uXe��ê:

0, 12, 22, · · · , n2, · · ·

éAuù
µn,k

Θ0(θ) =
a0

2
,Θn(θ) = an cosnθ+bn sinnθ (n = 1, 2, · · · ) (2.33)
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Ð>�¯K�©lCþ{

Ð>�¯K�©lCþ{

y3�	�§(2.32)"R(r)3r = 0?A�k.,qd
uV |r2+y2=R2 = 0,KR(r)A�÷v>.^�R(r)|r=R = 0"��

�ρ = r
√
λ, ±µn = n2�\,=��n��l�(Bessel)�§

ρ2R′′(ρ) + ρR′(ρ) + (ρ2 − n2)R(ρ) = 0

XJ�¦ù�§�)3�:ρ = 0?�k.,@où«)Ø��~
êÏf	´��(½�,§Ò´1�an ��l�¼êJn(ρ)"
�l�¼êJn(ρ)kÃ¡õ���,©OP�

µn1 , µ
n
2 , · · · , µnm, · · ·

éu§�¤áJn(µnm)"�
¦Jn(ρ)3r = R?�u",7L�

R
√
λ = µ(n)

m
½

√
λ =

µ(n)
m

R
(2.34)
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Ð>�¯K�©lCþ{

Ð>�¯K�©lCþ{

��

Jn(ρ) = Jn

(
µ

(n)
m

R
r

)
(2.35)

ù�,�5��§�)Ò�±/ª/L«�

u (x, y, t) = u (r, θ, t)

=

∞∑
n=0

∞∑
m=1

e
−
(
µ
(n)
m
R

)2

t
(a(m)
n cosnθ + b(m)

n sinnθ)Jn

(
µ

(n)
m

R
r

)
(2.36)

�û½a
(m)
n 9b

(m)
n ,·��^Ð©^�

u(x, y, 0) = ϕ(x, y)
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Ð>�¯K�©lCþ{

Ð>�¯K�©lCþ{

|^�l�¼ê�5��±��,éu?¿�½���ên
,�l�¼êJn(µ

(n)
m )(m = 1, 2, · · · )3«m[0,1] þ´��x�IO

��X,=é?¿�½���êm, k , ¤á∫ 1

0
xJn

(
µ(n)
m x

)
Jn

(
µ

(n)
k x

)
dx =

{
1, �m = k
0, �m 6= k.

d	éu�½�?¿�n ,¼êX{Jn
(
µ

(n)
k x

)
}U��x �þ��

3�mL2[0, 1] þ´���"q��n�¼ê
X1, sinnθ, cosnθ(n = 1, 2, · · · ) �N3[0, 2π] þ´���,�3�
mL2[0, 2π]¥½´���"Ïd,d§�¤|¤�¼êX

Jn

(
µ

(n)
m

R
− r

)
cosnθ, Jn

(
µ

(n)
m

R
− r

)
sinnθ (n = 0, 1, 2, · · · ;m = 1, 2, · · · )
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Ð>�¯K�©lCþ{

Ð>�¯K�©lCþ{

3�mL2{0 ≤ θ ≤ 2r, 0 ≤ r ≤ R} S�¤��r�����
X,u´ϕ(r, θ)�Ðm�?ê/ª

ϕ(r, θ) =

∞∑
n=0

∞∑
m=1

(ϕ(m)
n cosnθ + ψ(m)

n sinnθ)Jn

(
µ

(n)
m

R
r

)
(2.37)

l
�(2.36)¥�a
(m)
n 9b

(m)
n ©O�ϕ

(m)
n 9ψ

(m)
n Ò�±û½Ð>

�¯K(2.25)�)u(x, y, t)"
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�Ü¯K

�Ü¯K

þ!¥·�±Fp�?ê�óä�Ñ
9D��§Ð>�¯
K�),aquù��{§·�|^Fp�C�5¦)9D��
§��Ü¯K"3�!¥¦Ñ)�L�ª�L§��´/ªí�
�L§,ÏL�!"���y,��Ù(´¤¦��Ü¯K�)"

1©Fp�C�9ÙÄ�5� �f(x)´½Â3(−∞,∞)þ
�¼ê,§3[−l, l]þk��ëY�ê,Kf(x)�±Ðm�Fp�?
ê

f(x) =
a0

2
+

∞∑
n=1

(
an cos

nπ

l
x+ bn sin

nπ

l
x
)

(3.1)

¿�

an =
1

l

∫ l

−l
f(ξ) cos

nπ

l
ξdξ, bn =

1

l

∫ l

−l
f(ξ) sin

nπ

l
ξdξ(n = 0, 1, 2, · · · )

(3.2)
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�Ü¯K

�Ü¯K

ò(3.2)�\(3.1)ª§��

f(x) =
1

2l

∫ l

−l
f(ξ)dξ +

∞∑
n=1

1

l

∫ l

−l
f(ξ) cos

nπ

l
(x− ξ)dξ

y3�¼êf(x)3(−∞,∞)þýé�È,�l→∞�,dþª��

f(x) = lim
l→∞

∞∑
n=1

1

l

l∫
−l

f(ξ) cos
nπ

l
(x− ξ)dξ

XPλ1 = π
l , · · · , λn = nπ

l , · · · ,∆λ = ∆λn = λn+1 − λn = π
l , K

�±��
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�Ü¯K

�Ü¯K

f(x) = lim
∆λ→0

1

π

∞∑
n=1

∆λn

∫ l

−l
f(ξ) cosλn(x− ξ)dξ

=
1

π

∫ ∞
0

dλ

∫ ∞
−∞

f(ξ) cosλ(x− ξ)dξ.
(3.3)

È©L�ª(3.3)¡�f(x)�Fp�È©.�±y²,ef(x)ýé�
È,K3f(x) ��9Ù�ê�ëY�:,f(x)�Fp�È©Âñ
uf(x)3T:�¼ê�"

(3.3)ª��±�¤Eê/ª"ducosλ(x− ξ)´λ�ó¼ê,
sinλ(x− ξ)´λ�Û¼ê,�±ò(3.3)ª�¤
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�Ü¯K

�Ü¯K

f(x) =
1

2π

∫ ∞
−∞

dλ

∫ ∞
−∞

f(ξ)
[

cosλ(x− ξ) + i sinλ(x− ξ)
]
dξ

=
1

2π

∫ ∞
−∞

dλ

∫ ∞
−∞

∫
(ξ) eiλ(i−ξ)dξ.

(3.4)
u´§e-

g(λ) =

∫ ∞
−∞

f(ξ)e−iλξdξ (3.5)

Òk

f(x) =
1

2π

∫ ∞
−∞

g(λ)e−iλξdλ (3.6)

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§



9D��§ Ð>�¯K�©lCþ{ 9D��§�Ü¯K�¦)

�Ü¯K

�Ü¯K

¡g(λ)�f(x)�Fp�C�,P�F [f ]; ¡f(x)�g(λ) �Fp
�_C�,P�F ′[g] .�f(x)3(−∞,∞)þëY���ýé�È
�,§�Fp�C��3,�Ù_C��uf(x)"
�
A^Fp�C�¦)êÆÔn�§¯K,·�0�¤I

^��-
'uFp�C��Ä�5�.ùpb�3e¡Ãª¥¤
Ñy�Fp�C�o´�3�"
5�1 Fp�C�´�5C�,=éu?¿Eêα, β±9¼

êf1, f2 , ¤á

F [αf1 + βf2] = αF [f1] + βF [f2]. (3.7)

XJé�½�f1(x), f2(x),�x ∈ (−∞,∞)�,

f(x) =

∫ ∞
−∞

f1(x− t)f2(t)dt (3.8)
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�Ü¯K

�Ü¯K

�3,K¡f(x)�f1(x)�f2(x)�òÈ,P�f1 ∗ f2"w
,,f1 ∗ f2 = f2 ∗ f1 ,=òÈ´�±���"
'uòÈ�Fp�C�k5�,f1(x)Úf2(x)�òÈ�Fp�

C��u¶,f1(x)Úf2(x)�Fp�C��¦È,=

F [f1 ∗ f2] = F [f1] · F [f2] (3.9)

duf1(x)Úf2(x)3(−∞,∞)þýé�È,È©gS�±��,Ï



F [f1 ∗ f2] =

∫ ∞
−∞

f2 (t) dt

∫ ∞
−∞

f1 (x− t) e−iλıdx

=

∫ ∞
−∞

f2 (t) dt

∫ ∞
−∞

f1 (ξ) e−iλ(t+ξ)dξ
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�Ü¯K

�Ü¯K

=

∫ ∞
−∞

∫
2

(
t

)
e−iλtdt

∫ ∞
−∞

f1

(
ξ
)
e−iλξdξ

= F [f1] · F [f2].

lFp�C�Ú_C�úª�m��q5,�±aq/��
5�3 f1(x)Úf2(x)�¦È�Fp�C��

uf1(x)Úf2(x)��Fp�C��òÈ¦± 1
2π ,=

F [f1 · f2] =
1

2π
F [f1] ∗ F [f2]. (3.10)

5�4 XJf(x),f ′(x)Ñ´�±?1Fp�C��,
�
�|x| → ∞�, f(x)→ 0,K¤á

F [f ′(x)] = iλF [f(x)]. (3.11)
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�Ü¯K

�Ü¯K

y ¯¢þ

F [f ′(x)] =

∫ ∞
−∞

f ′(x)e−iλtdx

= [f(x)e−iλt]|x=∞
x=−∞ +

∫ ∞
−∞

iλf(x)e−iλtdx

= iλ

∫ ∞
−∞

f(x)e−iλxdx = iλF [f(x)].

Ó��±y²
5�5 XJf(x)9xf(x)Ñ�±?1Fp�C�,@o

F [−ixf(x)] =
d

dλ
F [f ]. (3.12)
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�Ü¯K

�Ü¯K

F [−ixf(x)] =

∫ ∞
−∞

−ixf(x)e−iλxdx

=
d

dλ

∫ ∞
−∞

f(x)e−iλxdx =
d

dλ
F [f ].

��aq/�±½Âõ�gCþ¼ê�Fp�C�:

F [f ] = g(λ1, · · · , λn) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1, · · · , xs)e−i(x1λ1+···+xnλn)dx1 · · · dxn
(3.13)

�A/,Fp�_C�½Â�

f(x1, · · · , xn) =
1

(2π)n

∫ ∞
−∞
· · ·
∫ ∞
−∞

g(λ1, · · · , λn)ei(x1λ1+···+xnλn)dλ1 · · · dλn.

(3.14)
éuõ�gCþ¼ê�Fp�C��kaq�5�1 5, ùpØ2
�ö�Þ
"
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9D��§�Ü¯K�¦)

y3|^Fp�C�5)9D��§��Ü¯K ∂u

∂t
= a2∂

2u

∂x2
+ f(x, t), (3.15)

u(x, 0) = ϕ(x). (3.16)

À t �ëê§k¦)àg9D��§��Ü¯K ∂u

∂t
= a2∂

2u

∂x2
, (3.17)

u(x, 0) = ϕ(x). (3.18)

'u x ?1Fp�C�§P

F [u(x, t)] = ũ(λ, t),
F [ϕ(x)] = ϕ̃(λ).
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9D��§�Ü¯K�¦)

3 (3.17) ü>'u x ?1Fp�C�§|^5� 4§Ò��

dũ

dt
= −a2λ2ũ, (3.19)

aq/§d (3.18) ª�

ũ(λ, 0) = ϕ̃(λ). (3.20)

(3.19)!(3.20) ´�ëê λ �~�©�§��Ü¯K§§�)�

ũ(λ, t) = ϕ̃(λ)e−a
2λ2t. (3.21)

¼ê e−a
2λ2t �Fp�_C��
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9D��§�Ü¯K�¦)

F−1
[
e−a

2λ2t
]

=
1

2π

∫ ∞
−∞

e−(α2λ2t−iλx)dλ

=
1

2π

∫ ∞
−∞

e
−a2t

(
λ− ix

2a2t

)2

dλ · e−
x2

4a2t .

|^EC¼ê�È©O��∫ ∞
−∞

e
−a2t

(
λ− ix

2a2t

)2

dλ =

∫ ∞
−∞

e−a
2tλ2 dλ

=
1

a
√
t

∫ ∞
−∞

e−y
2

dy =

√
π

a
√
t
.

¤±
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9D��§�Ü¯K�¦)

F−1
[
e−a

2λ2t
]

=
1

2a
√
πt

e−
x2

4a2t ,

Ïd§|^5� 2§d (3.20) ���Ü¯K (3.17)–(3.18) �)�

u(x, t) =
1

2a
√
πt

∫ ∞
−∞

ϕ(ξ) e−
(x−ξ)2

4a2t dξ. (3.22)

2¦)�àg9D��§äàgÐ©^���Ü¯K ∂u

∂t
= a2∂

2u

∂x2
+ f(x, t), (3.23)

u(x, 0) = 0. (3.24)
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dàgz�n§d�Ü¯K�)���£�Öö�y¤

u(x, t) =

∫ t

0
w(x, t; τ)dτ, (3.25)

Ù¥ w = w(x, t; τ) �eã�Ü¯K�)µ ∂w

∂t
= a2∂

2w

∂x2
, t > τ, (3.26)

w(x, τ) = f(x, τ). (3.27)

u´§|^ (3.22) ª§´��Ü¯K (3.23)–(3.24) �)�

u(x, t) =
1

2a
√
π

∫ t

0

∫ ∞
−∞

f(ξ, τ)√
t− τ

e
− (x−ξ)2

4a2(t−τ) dξdτ. (3.28)
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9D��§�Ü¯K�¦)

dU\�n!(3.22) 9 (3.28) Ò���Ü¯K (3.15)–(3.16) �
)�

u(x, t) =
1

2a
√
πt

∫ ∞
−∞

ϕ(ξ) e−
(x−ξ)2

4a2t dξ

+
1

2a
√
π

∫ t

0

∫ ∞
−∞

f(ξ, τ)√
t− τ

e
− (x−ξ)2

4a2(t−τ) dξdτ.

(3.29)
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�Ü¯K

3©)��35 3þ¡�í�¥,duýkØ��u´Ä÷
v?1Fp�C�9k'$��^�,¤��)��´/ª)"
�y²(3.29)(¢´�Ü¯K(3.15))(3.16)�)§��?1�
y"e¡·��éàg�§��/?1�y,=�Ñ3ϕ(x)ëY
�k.�^�e,(3.22)ª�(��Ü¯K(3.17))(3.18) �)"
úª(3.22)¡�Ñtúª,Ùmà�È©K¡�ÑtÈ©"
�|ϕ(x)| ≤M ,K5¿�

∫∞
−∞ e

−ξ2dξ =
√
π, d(3.22)ª�

|u(x, t)| ≤M 1√
π

∫ ∞
−∞

1

2a
√
t
e−

(x−ξ)2

4a2t dξ

=M
1√
π

∫ ∞
−∞

e−ζ
2
dζ = M(ζ =

ξ − x
2a
√
t
)
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�Ü¯K

ù`²È©(3.22)´Âñ�,¿�d§¤L��¼êu(x, t)´
k.�(��Ð�kÓ��.)"
y3y²,�t > 0�,È©(3.22)¤L��¼êu(x, t)÷v�

§(3.17)"·�w�,È©Òe�¼ê

1

2a
√
πt
e−

(x−ξ)2

4a2t

éCþt, x
ó(Àξ�ëþ),�t > 0�÷v�§(3.17)"Ïd,·�
��y²,�t > 0�Ñy3�§(3.17)¥��ê�±^3(3.22)ª
�È©Òe¦���{5O�"du(3.22)ª¥�È©�´Ã¡
�,�
�yÏLÈ©Ò¦���U5,7Ly²3È©Òe¦�
�¤��È©´��Âñ�"ù�:´ØJ�y�"±éx ��
� �ê�~,ò�È¼êéx�g¦��¤�¤�È©��
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�Ü¯K

1

2a
√
π

∫ ∞
−∞

−(x− ξ)ϕ(ξ)

2a2t
3
2

e−
(x−ξ)2

4a2t dξ

§3t ≥ t0 > 0 t0�?¿�ê)���So´��Âñ�"Ïd
�t > 0�¤á

∂u(x, t)

∂x
=

1

2a
√
π

∫ ∞
−∞

−(x− ξ)ϕ(ξ)

2a2t
3
2

e−
(x−ξ)2

4a2t dξ

=éx��g¦�UÏLÈ©Ò"Ón�±y²é(3.22)�Ù¦
 �ê�U^3È©Òe¦�
��"Ïd�t > 0 �dÈ
©(3.22)¤L��¼êu(x, t) ÷v�§(3.17)"
�e��y²,d(3.22)¤(½�¼ê÷vÐ©^�(3.18),�

Ò´�y²é?Ûx0,�t→ 0, x→ x0�u(x, t)→ ϕ(x0)"�
d,�y²é?¿�½�ε > 0, �½�é�δ > 0,

�k� à�²n�ÆêÆ�ÚOÆ�
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�Ü¯K

¦�|x− x0| ≤ δ, t ≤ δ�,¤áX

|u(x, t)− ϕ(x0)| ≤ ε
3(3.22)¥-ζ = ξ−x

2a
√
t
,��

u(x, t) =
1√
π

∫ ∞
−∞

ϕ(x+ 2a
√
tζ)e−ξ

2
dζ

qϕ(x0)�±�¤

ϕ(x0) =
1√
π

∫ ∞
−∞

ϕ(x0)e−ξ
2
dζ

Ïd,

u(x, t)− ϕ(x0) =
1√
π

∫ ∞
−∞

[ϕ(x+ 2a
√
tζ)− ϕ(x0)]e−ξ

2
dζ
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�Ü¯K

éu¤��ε > 0,�N > 0v
�,¦

1√
π

∫ ∞
N

e−ξ
2
dξ ≤ ε

6M
,

1√
π

∫ −N
−∞

e−ξ
2
dξ ≤ ε

6M

�½N ,dϕ(x)�ëY5,�é�δ > 0,¦�|x− x0| ≤ δ, t ≤ δ�¤
á

|ϕ(x+ 2a
√
tζ)− ϕ(x0)| ≤ ε

3
(−N ≤ ξ ≤ N).

Ïd

|u(x, t)− ϕ(x0)| = | 1√
π

∫ ∞
−∞

[ϕ(x+ 2a
√
tξ)− ϕ(x0)]e−ξ

2
dξ|
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�Ü¯K

≤ 1√
π

∫ N

−N
|ϕ(x+ 2a

√
tξ)− ϕ(x0)|e−ξ2dξ

+
2M√
π

∫ −N
−∞

e−ξ
2
dξ +

2M√
π

∫ ∞
N

e−ξ
2
dζ

≤ ε

3

1√
π

∫ N

−N
e−ξ

2
dζ + 4M

ε

6M
≤ ε

3
+

2ε

3
= ε.

ù�,·�Ò�y
dÑtÈ©(3.22)¤(½�¼êu(x, t)(
¢´�Ü¯K(3.17)-(3.18)�k.)"'u(3.18)¤L«�¼ê÷
v�àg�§(3.15)9Ð©^�(3.16),�aq/�Ñy²,��S
K3�Öö"
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

1©4��n 4��n´£ã*ÑàD��y��9D�
�§�­�A5"±9D�L§�~,XJÔN�>.§Ý9Ù
Ð©§ÝÑØ�L,�M ,
�ÔNSÜvk9
,KùÔNSÒ
Ø�U�)�uM�§Ý"Úù�¯¢�éA,·�éàg9D
��§

∂u

∂t
= a2∂

2u

∂x2
(4.1)

y²e¡�
½n4.1(4��n) �u(x, t)3Ý/RT {α ≤ x ≤ β, 0≤ t≤

T}þëY,¿�3Ý/SÜ÷v9D��§(4.1), K§3Ý/�
ü�ý>(x = α9x = β, 0 ≤ t ≤ T ) 9.>(t = 0, α ≤ x ≤ β)
þ��Ù���Ú���"�ó�,XJ±ΓT , L«RT �üý>
9.>¤|¤�>.­�(Ï¡��Ô>.) ,@o¤áX
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

max
Rτ

u(x, t) = max
Γτ

u(x, t), min
Rτ

u(x, t) = min
Γτ

u(x, t)

yÏ�ò−u�Ou ,�����/ÒC������/,¤±�I
�Ä�����/Ò�±
"
±e^�y{y²¤I�(Ø"±ML«¼êu(r, t)3RTþ

����,±mL«¼êu(x, t)3>.ΓTþ����"XJ½n
Øý,@oM > m"d�3RS�½�3X�:(x∗, t∗)
(t∗, α < x∗ < β),¦¼êu(x, t)3T:��M"�¼ê

V (x, t) = u(x, t) +
M −m

4l2
(x− x∗)2
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

Ù¥l = β − α"du3ΓT

V (x, t) < m+
M −m

4
=
M

4
+

3

4
m = θM (0 < θ < 1)



V (x∗, t∗) = M

Ïd,¼êV (x, t)Úu(x, t)��,§Ø3ΓTþ�����"�V
(x, t) 3RT¥�,�:(x1, t1) þ�����(t1 > 0, α <x1< β),

K3d:Ak∂2V
∂x2
≤0,∂V∂t ≥ 0(XJt1 < T§K∂V

∂t = 0;X

Jt1 = T§K∂V
∂t ≥ 0;),Ïd3:(x1, t1)?§

∂V

∂t
− a2∂

2V

∂x2
≥0
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

�d��O�¿|^(4.1)ª�

∂V

∂t
− a2∂

2V

∂x2
=
∂u

∂t
− a2∂

2u

∂x2
− a2M −m

2l2
= −a2M −m

2l2
< 0

ùÒ��gñ"§`²�k�b�´Ø�(�"y."
5 d½n1�y²��,eu´�àg9D��§ut −uxx

= f(Ù¥f ≤ 0)�),KE¤ámaxRT u = maxΓT u
2.Ð>�¯K)���5Ú­½5ß|^þ¡�4��n,á

����eã�
½n4.2 9D��§�Ð>�¯K

ut = a2uxx + f(x, t),

u(x, 0) = ϕ(x),

u(a, t) = µ1(t), u(β, t) = µ2(t)

(4.2)
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

3«�RTþ�)´���,
�ëY/�6u>.ΓT ,þ¤
�½�Ð©^�9>.^�"
y b�¯K(4.2)kü�)u19u2,KÙ�u = u1 − u2"3

«�RTS÷vàg�§(4.1) ,
3ΓTþ�"�.u´dþã�4
��n��3RTþu ≡ 0, =ùü�)3RTþ�Ó"
Ùg,XJÐ>�¯K�ü�)u1Úu23ΓTþ÷v

|u1 − u2| ≤ ε

Kd4��n��3RTS�¤áX

|u1 − u2| ≤ ε

ùÒy²
>>�¯K(4.2)�)�­½5"y."
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

½n4.1¥¤y²�4��n�ØU��A^u9D��§
ä1�½ö1na>.^��Ð>�¯K"Ïd,�
��¯
K(2.1)�-(2.4)�)���5�­½5,�I��?–Ú�?Ø"
�Äe�Ð>�¯K

ut − a2uxx = 0,

u|t=0 = µ1(t), (
∂u

∂x
+ hu)|i−l = µ2(t),

u|t=0 = ϕ(x),

(4.3)

Ù¥h´®���~ê"·���OÙ)u(x, t)�����"�
d,-

v(x, t) = e−λtu (4.4)

Ù¥λ > 0���?¿�½��~ê"d(4.3)´�v÷v
�k� à�²n�ÆêÆ�ÚOÆ�
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

vt − a2vxx + λv = 0,

v|t=0 = eλtµ1(t), (
∂v

∂x
+ hv)|i−l = e−λtµ2(t),

v|t=0 = ϕ(x),

(4.5)

é?¿÷v0 ≤ t1 ≤ T�t1,PRt1 �Ý/{0 ≤ x ≤ l, 0 ≤ t ≤
t1},¿PΓt1�Rt1�üý9.>¤|¤��Ô>.,�Äv3Rt1 þ
����"Äk�äó,XJv(x, t) 3Rt1þk�����,Kù�
���73Γt1þ��"¯¢þ,b�v 3(x0 , t0)?(ùp0 <
x0 < l, 0 < t0 ≤ t1)�������,Kd¼ê�4��7�^�
�,3d:k

vt ≥ 0, vx,t ≤ 0,�v > 0
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

l
(4.5)1�ªØ�U¤á,ù`²v��4����U
3Γt1þ��"
XJv��4��3t = 0���,Kk

v ≤ max
0≤x≤1

ϕ

XJv��4��3x = 0���,Kk

v ≤ max
0≤t≤t1

e−λtµ1(t)


XJv�����3x = l, t = t0(0 ≤ t0 ≤ t1)���,3T:A
kvx ≥ 0,l
dx = l?�>.^���

v ≤ v(l, t0) ≤ e−λt0

h
µ2(t0) ≤ max

0≤t≤t1

e−λtµ2(t)

h
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

2�Ä�v3Rt1¥����U5,Ò�±��:é?¿
�(x, t) ∈ Rt1 ,¤á

v(x, t) ≤ max(0, max
0≤x≤l

ϕ(x), max
0≤t≤t1

(e−λtµ1(t),
e−λtµ2(t)

h
))

u´

u(x, t) = eλtv(x, t)

≤ eλt1 max(0, max
0≤x≤l

ϕ(x), max
0≤t≤t1

(e−λtµ1(t),
e−λtµ2(t)

h
)).

(4.6)
év����?1aq�?Ø��
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

u(x, t) ≥ eλt1 min(0, min
0≤x≤l

ϕ(x), min
0≤t≤t1

(e−λtµ1(t),
e−λtµ2(t)

h
)).

(4.7)
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

½n4.3 é?¿�½�T > 0,9D��§�Ð>�¯
K(4.3)3Rt1þ�)´���,�ëY/�6uÐ�ϕ(x) 9>.
¼êµ1 (t),µ2(t)"
y b�Ð>�¯K(4.3)kü�)u19u2 ,KÙ

�u = u1 − u2÷vàg�§9àgÐ>.^�,u´
d(4.6)9(4.7)��3RT þu ≡ 0"�-5�y"�yëY�6
5,b�éx ∈ [0, 1], 0 ≤ t ≤ T¤á

−ε≤ϕ(x)6ε,−ε≤µ1(t)≤ε,−ε≤µ2(t)≤ε

Kd(4.6)9(4.7)ª(3Ù¥�λ = 1),k

− eτ max
(

1,
1

h

)
ε 6 u(x, t) 6 eτ max

(
1,

1

h

)
ε (4.8)
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

ëY�65�y"y."5¿��Oª(4.6)9(4.7)�
¦h > 0),Ï
�ØU��^5?Øe¡�äk1�a>.^�
�Ð>�¯K�)���5�­½5:

ui − a2ui,i = 0, 0 < x < l, t > 0,

u|i−0 = µ1(t), ui|i−t = µ2(t),

u|i−0 = ϕ(x).

(4.9)

�?Ø(4.9),·��^��¼ê��5C�

ũ = w(x)u (4.10)

ò'uu�¯K(4.9) =z�éũ�¯K(4.3),l
���¯
K(4.9)�)���5�­½5"�d,�

w(x) = l − x+ 1 (4.11)
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´�w ≥ 1 , wx = −1"²L{ü�O���,ũ÷ve��§

ũt − a2ũxx −
2a2

l − x+ 1
ũx −

2a2

(l − x+ 1)2 ũ = 0 (4.12)


�A�Ð©^��>.^�C�

ũ |x=0= µ̃1 = (l + 1)µ1 , (ũx + ũ) |
x=l

= µ2 (4.13)

ũ |t=0= ϕ̃ = w(x)ϕ(x) (4.14)

ù�ũ3x = l?�>.^�®´1na>.^�(Ù¥h = 1)"�
,�§(4.12) '�5�9D��§E,�
,���3C�

v = e−λtũ
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4��n!½)¯K)���5Ú­½5

¥�λ > 2a2,Kc¡éÐ>�¯K(4.5)�?Ø,E�·^,l

�Oª(4.6)!(4.7)éũE,¤á"2dC�ª(4.10),á=��
½n4.4 é?¿�½�T > 0,9D��§�Ð>�¯

K(4.9)3Rt1þ�)´�- ��,
�ëY/�6uÐ�ϕ(x)9>
.¼êµ1(t),µ2(t)"

3.�Ü¯K)���5Ú­½5 y3�	9D��§��
Ü¯K 

∂u

∂t
= a2∂

2u

∂x2
+ f(x, t),

u(x, 0) = ϕ(x) (−∞ < x <∞).
(4.15)

3?ØÃ.��þ�¯K�,���¦§Ý�©Ù´k.�,Ïd
éu�Ü¯K(4.15)¥���¼êu(x, t)�\þ3��«�þ�
k.�b�,=�¦�3X,��~êB,¦é?Ût ≥ 0,−∞ <
x < ∞, Ñk|u(x, t)| ≤ B"
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±eÒ3äkù«5��¼êa¥?Ø�Ü¯K)��5Ú
­½5"·��y²e¡�
½n4.5 �Ü¯K(4.15)3k.¼êa¥�)´�-��,


�ëY�6u¤��Ð©^�"
y ky²k.)���5"b��Ü¯K(4.15)kü�k

.)u19u2 ,KÙ�u = u1 − u2÷vàg�§(4.1)9"Ð©^
�u(x, 0) = 0(−∞ < x <∞),·�y²,3��«�t ≥ 0,−∞
< x < ∞þu(x, t) = 0"¦+¼êu´k.�:|u| ≤ 2B,�du«
�´Ã.�,¼êu(x, t)�U3?Û/�Ñ�Ø�§������
��,Ïd·�ØU��A^c¡�4��n"
�
A^4��n5y²��5,éuþ�²¡�?Û�

:(x0, t0), t0 > 0, ·��Äe¡�Ý/«�
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4��n!½)¯K)���5Ú­½5

R0 : 0 6 t 6 t0, | x− x0 |6 L

Ù¥L´��?¿�½��ê"�¼ê

v(x, t) =
4B

L2

(
(x− x0)2

2
+ a2t

)
§3«�R0þ´ëY�,3R0SÜ÷v�§(4.1),
�

v(x, 0) =
2B(x− x0)2

L2
> 0 = u(x, 0),

v(x0 ± L, t) > 2B > u(x0 ± L, t),

Ïd3R0�e.9ý>þ¤áXØ�ª

v(x, t) ≥ u(x, t)
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

u´d½n4.1��3«�R0þ�¤áX

v(x, t) ≥ u(x, t)

=,
4B

L2

(
(x− x0)2

2
+ a2t

)
u(x, t) ≥ u(x, t)

Ón·��y²3«�R0þ¤áX

u(x, t) > −4B

L2

(
(x− x0)2

2
+ a2t

)
AO�(x0, t0):,Ò��

| u (x0, t0) |6 4B

L2
a2t0

�duL´?¿�,-L→∞ ,Ò�
�k� à�²n�ÆêÆ�ÚOÆ�
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4��n!½)¯K)���5Ú­½5

4��n!½)¯K)���5Ú­½5

u(x0, t0) = 0

qÏ�(x0, t0)´þ�²¡�?�:,�3��«�¥u(x , t) = 0,
ùÒy²
)���5"
e¡,·�y²�Ü¯K�k.)éÐ©^��ëY�6

5"�d,�Ly²�|ϕ(x)| ≤ η�,3��«�t ≥0, −∞ < x
<∞ þ|u(x, t)| ≤ η"ù�Úy²)���5��Ó�/?1y
²,
���¼ê

v(x, t) =
4B

L2

(
(x− x0)2

2
+ a2t

)
+ η

5�O�5�9Ï¼êÒ�±
"Ïd,ék.)5`,�Ü¯K
�­½5�¤á"
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)�ìC5�

)�ìC5�

�!?Ø��mt→ +∞ �,9D��§Ð>�¯K9�Ü
¯K)�ìC5�"

1©Ð>�¯K)�ìC5�
k?ØÐ>�¯K(2.1))(2.4)"d12!�?Ø,�Ð©¼

êϕ(x)÷vϕ(x) ∈ C1,ϕ(0) = 0,ϕ′(l) + hϕ(l) = 0 �,·�^©l
Cþ{��
��^?êL«�²;)

u(x, t) =

∞∑
k=1

Ake
−a2λtk sin

√
λkx (5.1)

Ù¥

Ak =
1

Mk

∫ l

0
ϕ(ξ) sin

√
λkξdξ, (5.2)
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)�ìC5�

)�ìC5�

Mk =
l

2
+

h

2(h2 + λk)
, (5.3)


λk�e����§

tan(
√
λl) = −

√
λ

h
(5.4)

�),§÷v
(k− 1

2)
2
π2

l2
< λk <

k2π2

l2
"2kþ!'u�ö5�

?Ø§�ϕ÷vcã^��,¯K(2.1))(2.4)�)7½d?
ê(5.1) �Ñ"
½n5.1 b�Ð©¼êϕ(x)÷vϕ ∈C1,ϕ(0) = 0,ϕ′(l)

+hϕ(l) = 0"K�tªuÃ¡�,¯K(2.1)-(2.4) ����²;)
�êP~/ªu",(�/`,�t→+∞�§é��x ∈ [0, l]
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)�ìC5�

)�ìC5�

| u(x, t) |6 Ce−a
2λ1 → 0, (5.5)

Ù¥C����)Ã'��~ê"ydc¡�?Ø,���²
;)d(5.1)ª�Ñ"d(5.2)!(5.3)��,é��k,

|Ak| ≤ C1 (5.6)

Ù¥C1�=�ϕ����k'�~ê"dλk¤÷v��Oª�
�,�k →∞�λk = O(k2),�k

∑∞
k=2

1
λk−λ1 < +∞",��

¡,d�ê¼ê�5���,�t ≥ 1 �,é��k ≥ 2¤á

(λk − λ1)ea
2(λk−λ1)t 6 (λk − λ1)e−a

2(λk−λ1) 6 C2, (5.7)
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)�ìC5�

)�ìC5�

Ù¥C2����kÃ'��~ê"u´�t ≥ 1�,é�
�x ∈ [0.l],¤á

| u(x, t) | 6 C1(1 +

∞∑
k=2

e−a
2(λk−λ1)t)e−a

2λ1t

6 C1(1 +

∞∑
k=2

(λk − λ1)ea
2(λk−λ1)t 1

λk − λ1
)e−a

2λ1t

6 C1(1 + C2

∞∑
k=2

1

λk − λ1
)e−a

2λ1t 6 Ce−a
2λ1t.

(5.8)
y.

2.�Ü¯K)�ìC5�
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)�ìC5�

)�ìC5�

e¡=
?Ø9D��§�Ü¯K)�ìC5�"dc�!
�?Ø��,�ϕ(x)�k.ëY¼ê�,9D��§��Ü¯K

∂u

∂t
= a2∂

2u

∂x2
, (5.9)

u(x, 0) = ϕ(x) (5.10)

���)de��ÑtÈ©�Ñ:

u(x, t) =
1

2a
√
πt

∫ +∞

−∞
ϕ(ξ)e−

(x−ξ)2

4a2t dξ. (5.11)

�
?Ø)�ìC5�,�Ié\þϕ?�Ú�^�"X
J
∫ +∞
−∞ |ϕ(x)|dxÂñ,K¡ϕ ∈ L1(R)¿P

‖ ϕ ‖L1(R)=

∫ +∞

−∞
| ϕ(x) | dx (5.12)
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)�ìC5�

)�ìC5�

½n5.2 �´k.ëY¼ê,�ϕ ∈ L1(R),K�Ü¯K(5.9)
���²;)äkXe�ìC5�:é��x ∈ R, t > 0, �t →
+∞ �,��/¤á

| u(x, t) |6 Ct
1
2 → 0 (5.13)

Ù¥C���=�a9‖ ϕ ‖L1(R)k'��~ê"
y d(5.11)ª

| u(x, t) |6 1

2a
√
πt

∫ +∞

−∞
| ϕ(ξ) | e

(a−ξ)2

4a2 dξ 6
1

2a
√
πt

∫ +∞

−∞
| ϕ(ξ) | dξ

= Ct−
1
2 .

(5.14)
y."é��Ún�9D��§��Ü¯K,Ó�N´y²,§�
�)©Oäkt−1 9t−

3
2Ì�P~Ç(��SK)"
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)�ìC5�

)�ìC5�

dþ¡�?Ø��,3t→ +∞�,9D��§Ð>�¯K�
)äk�êP~Ç,
9D��§��Ü¯K�)äkt

n
2�P~

Ç,Ù¥n ��mCþ��ê"
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